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A. Statements of the main results 

We start with a new proof of the following unpublished theorem of Thurston: 

Al. Theorem. (Surgery Theorem). Let M be a compact 3-manifold with boundary 
dM a union of m tori. Assume M is irreducible and atoroidal. Assume that there 
is a finite covering N of M, containing an embedded incompressible surface S with 
no essential annuli joining S and dN. Then for all parameters (mi,rii) of Dehn 
surgery with miny/m? + nf » 1, the closed manifold M(rrii,ni) contains a 7Ti 

i 

-injective surface. 



A2. Double coset Theorem. Let M be an atoroidal virtually Haken manifold and 
let iti(S) be a fundamental group of a virtually embedded surface. Then the double 
coset space 7Ti(<S) \ K\(M) /ix\(S) is infinite. 

A3. Theorem. (Freedman-Cooper-Long Theorem for quasi- Fuchsian knots). Let 
K C E be a quasi-Fuchsian knot. Let S be an incompressible Seifert surface in 
E \ N(K). Let m G 7i~i(E \ if) be a meridian. Then 

m n ni(S)m~ n fl 7r 1 (5') = {cyclic group generated by [K]} 

for n » 1. 

A4. Theorem. Let E ^ M be a nonorientable surface. Assume ii/i(E,F2) — > 
Hi(M 7 F 2 ) is not surjective. Then M has virtually positive 61. 

A5. Theorem. (Hakenness of loose ramified coverings) Let M be a homology sphere 
with a link K = K\ U . . . U K 8 . Let N — > M be a p-covering, ramified along 
L. Let Fi be an oriented Seifert surface of Ki, transversal to Ki,i > 2. Let 
P = J2t=2 U K i n F i)- Suppose for some % > 2, link (K h K x ) ^ 0(p). If for some 

dim #! (AT, F 9 ) > 4 - p( X (F) - 2) + (p - 1)P, 
then is virtually Haken. 

^4^. Theorem. (Ramified coverings of tight knots are Haken). Let if C S be a tight 
knot in a rational homology sphere. Let r : E m — > E be a ramified covering. Then 
E m is Haken or reducible. 

A7. Corollary. Let K C E be any knot which is not fibered. Let E(m,n) be a 
result of the Dehn surgery. Let E(m,n,p) be a p-ramified covering of E(m,n). 
Then for m >> 1 and p > 2, E(m, n, p) is Haken or reducible. 

B. Introduction 

This is a short summary of my work on some open questions of 3-dimensional 
topology, en, Riley, Gromov, and, principally, Thurston, brought a cyclpresentation 
varieties and induced actions 

Since Haken and Waldhausen the most important question has been: 

(*) How many closed 3-manifolds are Haken? 

The most optimistic conjecture is the following: 
(**) Any irreducible manifold M with infinite tx\ is virtually Haken. 
The algebraic counterpart of (**) is 
(***) Any 7Ti(M) as above contains a surface group. 
And, finally, the strongest form of (**) is 
(****) Any M as above has virtually positive b\. 

Haken manifolds are "understood" [Hem], so in case these questions are resolved 
positively, we would have a final conceptual picture of 3-manifolds. On the geomet- 
ric side, this would resolve the hyperbolization conjecture positively for atoroidal 
3-manif olds with infinite tt\ by an immediate application of Thurston's Hyper- 
bolization Theorem for Haken 3-manifolds and a recent theorem of Gabai. 
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Three- manifolds can be constructed "practically" , by means of one of three com- 
peting constructions: 

I. Surgery. Take a three-manifold M with boundary a union of tori T\ , . . . T m (a link 
complement in S 3 is good), and glue in solid tori D 2 x S 1 by identifying d(D 2 x S 1 ) 
with Tj. This depends on parameters (mj, n^), once the basis for Hi(Ti,Z) has been 
chosen. 

77. Ramified covering. Take a rational homology sphere E and a link L = UKi in E 

and choose a homomorphism 7ii(E\L) — > Z. Form covering of E\L corresponding 
to m ■ Z in Z and glue back the solid tori. This given a covering E m — > E ramified 
along L. This depends on m (and 

1/7. Heegard splitting. Glue two handlebodies R^Rf by a homeomorphism <p : 
8Rq — > This depends on [</?] e Map° \ Map^/Map^, an element in the double 
coset space of the mapping class group Map s factored by the actions of the subgroup 
of extendable homeomorphisms. 

There is a plenty of connections between these construction. Heegrad splittings 
appear as surgeries, as explained in Appendix, section 22, and ramified covering 
along knots are Heegard splittings unless some compressions of Freedman's surfaces 
are nontrivial incompressible surfaces , as explained in section 3. 

As a part of this hyperbolization program Thurston proved the following three 
great theorems. 

Theorem. (Thurston) Haken implies hyperbolic. If M is a closed Haken atoroidal 
manifold, then M is hyperbolic. 

Theorem. (Thurston) Big surgeries are hyperbolic. If M is an atoroidal manifold 
with boundary a union of tori, and miiv^J m 2 + n 2 > N, a fixed number then 

i 

M(mi,rii) is hyperbolic. 

Theorem. (Thurston) Big ramified coverings are hyperbolic. If E is a rational 
homology sphere, L a hyperbolic link in E,i/> : ifi(E \ L) — > Z a homomorphism 
essential on meridians, then for m > N, a fixed number, E m is hyperbolic. 

Now, we have: 

Theorem. (Freedman-Cooper-Long) Big ramified coverings are Haken. If K C E 
is not a fiber knot than for m big enough, E m is Haken. That means Thurston's 
third theorem follows from the first. 

For some surgeries, exactly those for which a big cyclic homology group is pro- 
duced, this trivially implies that they are virtually Haken, see [CL]. An absolutely 
central question is: 

(* 5 ) For M an atoroidal manifold with a boundary a union of tori, do big surgeries 
contain a 7Ti -injective surface? 

Our first result, theorem Al is that the answer is yes, if a finite covering of M 
contains an embedded incompressible closed surface with no essential annuli joining 
it to the boundary. Any M which does not fiber has a finite covering which 
contains an incompressible closed surface by Freedman, but Freedman's surfaces are 
not good for us, as they exactly do have such annuli. Theorem Al is not new: it 
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appears in [AR] without proof and is attributed there to Thurston. The argument 
of Thurston, which we learned from J.H.Rubinstein, is completely different from 
ours. Thurston uses the existence of metrics of non-positive curvature on Dehn 
surgeried manifolds, which are unchanged on the thick part of a cusped manifold, 
proved by Gromov-Thurston, where as we work with quasi-Fuchsian defo rmations 
in spirit of [Br]. 

Another central question, studied in many disguises by Jaco, is the following. 
Suppose we now already that M contains a 7Ti-injective surface. Is it embedded 
is some finite covering of M? In other words, is M virtually Haken? A very fine 
theorem of Jaco [SW] states: 

Theorem. (Jaco) If fti(S) tti(M) is an inclusion and if tti(S) is contained in 
infinitely many subgroups of finite index in m (M) , then S is embedded in a finite 
covering. 

Now, we have the following fact, due to Thurston [Mo] 

Proposition 5.1. (Basic trihotomy) Let M be a closed hyperbolic 3-manifold and 
tti(S) tti(M) an inclusion. Let A be a limit set of iri(S) acting on S 2 by 
restriction of uniformization representation. Then 

(i) if A 7^ S 2 or a Jordan curve, then S is not embedded in any finite covering 
A of M; 

(ii) if A = S 2 and S is embedded in N, then N fibers over a circle with fiber S; 

(iii) if A is a Jordan curve and S is embedded in N then S is not a fiber of a 
fibration N -> S 1 (but N may still fiber). 

As a corollary, one shows easily 

Proposition 5.2. (1st criterion of virtual fibering) Let M be a closed hyperbolic 
three-manifold and ni(S) tti(M) an inclusion. Then there exists a finite covering 
A, which fibers over a circle with fiber S, if and only if 

1) ni(S) is contained in infinitely many finite index subgroups of tt\{M) 

2) 7Ti(S) contains a virtually normal subgroup of tti(M). 

Proposition 6.4- (2nd criterion of virtual fibering). Let M be a hyperbolic 3- 
manifold, tti(S) tt\{M) an injective surface. Then S is a fiber of a fibration 
for some finite covering N of M iff 

(i) 7Ti(S) is in infintely many subgroups of finite index and 

(ii) for any x E tci(M) there exists N(x) such that for m > 1 

x m7V 7n(5)x- mAr n ivtiS) ^ {1} 

We will deduce a following result, which gives an answer to a question, posed to 
us by Michel Boileau: 

A2. Double coset Theorem. Let M be an atoroidal virtually Haken manifold and 
let ni(S) be a fundamental group of a virtually embedded surface. Then the double 
coset space ni(S) \ ir\(M) /iri(S) is infinite. 

Quasi-Fuchsian knots. Let M be an atoroidal manifold with boundary a torus T 
and let K C T be a simple loop, which is ho mo logically trivial in M. We say 
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K is a quasi-Fuchsian knot if there exists an incompressible Seifert surface S for 
K such that the restriction of the uniformization representation of M on tti(S) is 
quasi-Fuchsian. 

Fact. Any knot which is not fibered, and not 2- virtually fibered, is quasi-Fuchsian. 

Using this fact we give a simple geometric proof of the main result of Freedman 
[FF], and Cooper-Long [CL], which says that two lifts of S in cyclic coverings 
M n ,n » 1, of M glue together to form a closed incompressible surface in M n . 
It is elementary to show [CL] that these surface stay incompressible in all non- 
longitudal Dehn surgeries of M n . 

We now turn to a more algebraic part of the paper. 

In two preprints distributed a year ago [Re 2] [Re 3] I introduced a notion of 
p-cycles domination: 

Let Q c -» M be an embedded p-cycle (for p = 2, this is just a non-orientable 
surface). Then we say that Q dominates M if the image of 7Ti(Q) — > tti(M) is of 
finite index in M. 

Any 3-manifold with rich fundamental group [Re 1] has a finite cov- 
ering containing a p-cycle, for any prime p. See [Re 1]. If E is a homology 
sphere, K a knot in E and p, q coprime numbers, than q) carries a p 
-cycle with genus equal to the genus of the knot, and therefore indepen- 
dent on p. The Domination theorem 11.6 states a non-dominating p-cycle carries 
an 7r!-injective surface in M. The Cooper-Long theorem that for K not fibered 
E(p, q) are virtually Haken is equivalent to the algebraic fact that the p-cycle men- 
tioned above is not dominating for p big enough. 

For a group G, let r(G) be the least number of generators for G. 

Problem. If K is not a fibered knot in E, then r(7Ti(E m )) — > oo. I explain in 

m — >oo 

why this implies Freedman's theorem that 7Ti(E \ K) contains surface groups and 
E \ K virtually contains an incompressible closed surface. 

A p-cycle is (/-homology dominating, if H 1 (Q, ¥ q ) — > Hi(M, ¥ q ) is surjective. For 
p = q = 2 we have the theorem A4, which says that if a nonorientable surface is not 
2-homology dominating, then M has a double unramified covering with positive b\. 
In other words, tti(M) maps onto Ci * C2. 1 

A large variety of 3-manifolds with not-dominating p-cycles come from ramified 
coverings over " loose" links. By the latter I mean a link L = K\ U . . . U K s in a 
homology sphere E such that Kj,j > 2 are "much knotted" outside Seifert surface 
S of K\. We fix S and demand that the number of intersections of Kj with S stays 
bounded, whereas Kj are complicated outside S. If E p is a ramified covering over 
L then a simple condition ensure that the preimage of £ in E p is an embedded 
non-dominating cycle modp, and E p is virtually Haken (the last statement uses a 
criterion of Shalen-Wagreich [SW]). 

Tight knots. A knot K C E is called tight, if there is a Seifert surface S with 
dS = K, such that Ti\(S) — > 7i~i(E) is injective (for a Seifert surface of minimal 
genus one always has ^1(5") — > 7Ti(E \ K) injective [BZ]). There are many tight 
knots. Take any free finitely generated group in ni(M) (there are plenty of such for 
manifolds with rich fundamental group, [SW]) and realize it by an incompressible 



By a theorem of Rubinstein, M itself is Haken 
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handlebody D 9 in M. Take an essential simple loop £ in dD which is in the kernel 
of Hi(dD) pa I? 9 — ► Z 9 = Hi(D) and take an incompressible surface F in D which 
span this loop. One sees immediately that I is tight in M . Any knot which 
is not fibered, is tight in sufficiently big ramified coverings. This is an 
immediate consequence of Freedman-Cooper-Long theorem. Any knot which is 
not fibered, is tight in a (m, n)-surgery, if m is big enough. This is a resent 
theorem of Boyer, Culler, Shalen and Zhang [BCSZ]. Any genus one knot in a 
hyperbolic manifold M, whose fundamental group is not virtually generated by 2 
elements, is tight or there are 7Ti-injective closed surfaces in M. 

Let E m — > E be a hyperbolic ramified covering over a tight knot. Our Theorem 
A6 asserts that E m is Haken. We do not assume m is big (m = 2 is fine). The 
proof of the theorem A6 uses a technique of collapse. The first appeared in [Re ], 
which formed a part of this work. 

Arithmetic topology. As I already wrote in [Re 1] the underlying philosophy of my 
approach to 3-manifolds is the idea that 3-manifold topology is parallel to algebraic 
number theory. The manuscript [KR] based on a lecture of Kapranov and myself 
in MPI in 1996 contained the di ctionary joining the two branches of mathematics 
together. With a kind approval of Kapranov, I am now publishing this dictionary, 
in Appendix 14. 

Bounded width and Thurston's conjecture on hyperbolization of big Heegard split- 
tings. An exciting recent discovery of bounded width asserts that for arithmetic 
lattices Y in semisimple algebraic groups of rank > 2, there is a set xi,...x n of 
generators such that any x £ Y is represented ) N with N a fixed number. 

In appendix 15 I explain how the Thurston conjecture follows from an algebraic 
conjecture of bounded width in the modular group Map s . 

Euler class and free generation. The appendix 16 contains a Fuchsian model for 
doubling procedure which leads from an incompressible Seifert surface to Freedman 
surface. The main result of this appendix , Theorem 16.0, gives sufficient conditions 
for n elements of PSL 2 (R) to generate a discrete group. 

Homology of ramified coverings. The appendix 17 contains a theorem A8, which 
describes the Galois module Hi(N)/ p \ for a C p -ramified covering N over a link 
L C M with s components. This theorem parallels the approach of [Re 1], the 
Rough Classification Theorem. 

Theorem A8. Let N — > M be a covering of rational homology spheres ramified 
along a link with s components. Then as a C p -module, Hi(N)^ is a direct sum of 
exactly (s — 1) open modules and some number of closed modules. 

We prove also a three-manifold version of a classical results of Gauss and Redei 
about the 2-part of the ideal class group of quadratic fields, theorem A9. 

Theorem A9. Let p = 2 and s = 2, so that the link is K\ U K 2 

(a) if the linking number link(Ki, K 2 ) is odd, then Hi(M)( 2 ) = Z/2Z. 

(b) if the linking number link(Ki, K 2 ) is even, then either b\(N) > or Hi(N)( 2 ) = 
Z/2 e Z with £>2. 

Acknowledgements I would like to thank Oertel, Boileau, Boyer, Barge, 
Lott, Rubinstein, Potyagailo for useful discussions, MPI and Manuela 
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Sarlette for expert typing. As well as [Re 1] this paper would never 
have been written without the support of Lucy Katz (Reznikov). 

1. Review of Thurston's hyperbolization theorem and quasi-Puchsian 
representations [Mo] [Th 2] [Mc 1] [Mc 2] 

1.1 Quasi-Fuchsian representations 

A discrete group T in PSL2(C) is called Quasi-Puchsian if the limit set 
A is a Jordan curve, and Puchsian if A is a circle. 

Let r be a Puchsian group leaving the upper half-plane U and the lower 
half-plane L invariant. A Beltrami coefficient \i of norm < 1 supported in 
U is invariant, if a natural action of T in K-K~ x leaves it invariant, where 
K is the canonical bundle. Such fi determines a quasi-conformal home- 
omorphism (normalized) / : C — > C, conjugating T to a quasi-Puchsian 
representation. On the other hand, extend \i to the lower half-plane 
by conjugation; let v be the resulted Beltrami coefficient. The corre- 
spondent quasiconformal map ip will conjugate V to another Puchsian 
representation. We have therefore a correspondence: 



pair of points in the Teichmiiller space of 

intensively studied by Bers [B]. The map / 
phic. The correspondence 



T <-> quasiconformal representations 
L above is schlicht holomor- 



quasiconformal representation — > Schwartzian of / 

is called the Bers embedding. Its image contains a ball in H°(K 2 ) with L 1 
-norm and is contained in a ball [Gar]. The boundary of this image cor- 
respond to some representation T — > PSL 2 (C), called boundary groups. If 
T = 7Vi(S), a fundamental group of a closed surface, and p : T — > PSL2(C) 
is quasi-Puchsian, then a neighbourhood of the convex core M of H 3 / p(T) 
is homeomorphic to S x [0, 1]. We see therefore that quasi-Puchsian rep- 
resentations are parametrized by T(dM). 

1.2 Deformation of Kleinian manifolds. Let V be a finitely generated Kleinian group 
such that all components of S 2 \ A(T) are simply connected, and the quotient of 
the neighbourhood of the convex hull of A(T) by V has finite volume. The manifold 
7i 3 /ru(5' 2 \A(r))/r is called geometrically finite. We are interested to deform T, by 
quasiconformal homeomorphism of S 2 , keeping these properties. A deformation 
theorem [BK] asserts that, again, the space of such deformations is identified with 
T(dM). Topologically, the thick part {injectivity radius (x) > e} of M is compact 
with boundary consisting of dM and a number of tori, corresponding to cusps of M. 
We will not make any difference between T(dM) and the space of quasiconformal 
deformation of M. 

1.3 The skinning map. For any component S of dM, the restriction of the repre- 
sentation to PSL 2 (C) on iri(S) is quasi-Fuchsian. The representation of ni(S) is 
another component of >S 2 \ A(7ri(5)) gives, by Bers a point in T(S). One gets a 
map 

T (dM) -> Kleinian groups for tti(M) -> T(dM) 



called skinning map. It is holomorphic, therefore a contraction for Teichmiiller 
metric by Royden's theorem. 

1.4 The Thurston's main idea. Let M = Mi U M 2 identified by homeomorphisms 
of some bounadry components. Suppose we realized Mj as geometrically finite 
Kleinian manifolds. We want to deform Mj such that the restriction of the repre- 
sentations on corresponding boundary components will correspond by an induced 
map in the Teichmiiller space (it means induced by the gluing map). Then by Van 
Kampen we will get a representation for M. The skinning map followed by this 
latter isometry gives a holomorphic self- map in T(dM) and we want to show that 
this map has a fixed point inside T(dM). One first extends 9 to the closure of 
T(dM) in the representation variety 

V = Hom(7ri(M), PSL 2 (C))/PSL 2 (C) 

and then shows that, if M is atoroidal, the image of this extension is precompact 
in T(<9M), so 6 is uniformly conracting. See [Mo] for the outline of this proof. 

1.5 McMullen's proof. This proof is exposed in details in the recent work of Otal 
[O]. 

1.6 Resume. What we really will need from the above, are the following theorems, 
are immediate corollaries of the above discussion, cd. [Mo], [Mc 1] [Mc 2]. 

Theorem 1.6.1. Let M be an atoroidal manifold with boundary a union of tori. 
Let S M be an embedded incompressible surface. Suppose there are no essen- 
tial annuli joining S to the boundary. Then the restriction of the uniformization 
representation of M on tti (S) is quasi-Fuchsian. 

Similarly: 

Theorem 1.6.2. Let M be an atoroidal Haken manifold. Let 5 ^ M be an incom- 
pressible surface, not a fiber of a fibration of M over S 1 . Then the restriction of 
the uniformization representation of M on tt\{S) is quasi-Fuchsian. 

Theorem 1.6.3. Let M be a manifold of Betti number one with boundary a torus, 
whose interior carries a hyperbolic metric of finite volume. Let S be a Seifert surface 
for M which is not a fiber of a fibration over S 1 and not a 2-virtual fiber. Then the 
restriction of the uniformization representation of M on S is quasi-Fuch sian. 

We also notice: 

Theorem 1.6.4- The space of quasi-Fuchsian representation of tti(S), a fundamental 
group of a closed surface, is open in the representation variety 

Horn 7^(5), PSL 2 (C))/PSL 2 (C) 

2. Review of Thurston's surgery theorem 

2.1. 

Let T be a countable group. We can endow the quasiprojective variety 

Hom irr (r, PSL 2 {£))/PSL 2 {£) 
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with the classical topology. If pi is a family of irreducible representations, we say pi 
converges algebraically to a representation p if the classes of pi converge to the class 
of p in the classical topology. An important fact, due to Chaubaty and J0rgensen, 
is that if Im pi are discrete, so is p. 

Now let M be an atoroidal manifold with boundary a union of tori Tj. Fix a 
basis (ei.fi) for Hi(Ti,Z) w Z © Z. For (m^rii) coprime we denote M(mj,nj) a 
result of the Dehn surgery which kills the element + riifi e 7r 1 (T i ). 

Theorem 2.1. 

(a) For minA/mf + n? >> 1, M(rrii,ni) is hyperbolic. 

i 

(b) The composition of the surjective map 7Ti(M) — > 7Ti(M(mj, n^)) and the uni- 
formization representation of M coverges algebraically to the uniformization 
representation of M as min-^/mf + nf — > oo 

i 

The proof is "elementary" in the sense that it does not use PDE, like the existence 
of quasiconformal maps with given Beltrami coefficient. It is somewhat relevant 
to the elementary proof of the last mentioned result given in [LV]. Hatcher and 
Thurston proved that for 2-bridge knots the surgeries M are not Haken, though 
they are hyperbolic [HT]. On the other hand by Theorem 2.03 of [CGLS] if M 
contains an incompressible closed surface, then big surgeries M are Haken. Our 
theorem Al states that if a covering of M contains an incompressible surface with 
no essential annuli joining it to the boundary, then big surgeries M contain a n\ 
-injective surface. There is little doubt that they are virtually Haken. 

3. Review of Freedman's surfaces and 
Cooper-Long extension of Freedman's work 

3.1. Let G be a group. Suppose Xi,yi |f =1 are elements of G, z = Yli=i[ x ^yi\ an d 
a : G — > G an automorphism, fixing z. 

Definition. A Freedman surface Fr(xi, yi, a) in K(G, 1) is a map of S 2g ( a closed 
surface of genus 2g) to K(g, 1) defined as follows: consider the amalgam 

*i{&°) = F g *F g 

and map it to G by sending the generators of the first copy F g to Xi, yi and gener- 
ators of the second copy to a(xi), cr(yi). 

Important example. Let G = tti(M), a fundamental group of an irreducible rational 
homology sphere. Assume G infinite, so M is acyclic. Suppose for some prime 
p, Hi(M, Z)( p ) 7^ 0. Let w £ ni(M) be an element with projects nontrivially to 
H\(M, Z)( p ). Let p n be an order of w, so that 

z = w P n g [ni(M), m(M)]. 

Let Xi,yi £ ni(M) be such that nlLit^ijZ/i] = wP ■ Then one forms a Freedman 
surface Fr(xi, yi, Adw). We will see in section that sometimes this surface is 
7ri-injective in M. 

Freedman's surface by Freedman- Freedman [FF]. The following special case has 
been considered in [FF]. Let M be a 3-manifold having the first Betti number one 
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with a boundary a torus T, and let K be a longitude, i.e. an essential simple loop 
in T, homologically trivial in M. Let S 13 be a Seifert surface for K. We can assume 
S 1 is 7ri-injective by compression [BZ]. Let m be another element of tt\{T). Let 
Xi,yi be canonical generators for ni(S) so that n^LiI 3 ^'?^] = [-^1- Then one looks 
at Fr{xi,yi, Adm K ). Obviously this surface lifts to an infinite cyclic covering 
of M. 

Theorem 3.1. Suppose S is not a fiber of a fibration over S 1 . 

(a) for k » 1, the image of n 1 (Fr(x il y^ Adm K )) in ■K\{M 00 ) is not free. 

(b) in some finite cyclic covering of M there is a closed embedded incompressible 
surface obtained by compression of Fr(xi 7 y^ Adm K ) 

Cooper-Long extension. 

Theorem 3.2. In condition of Theorem 3.1 

(a) Fr(xi, yi, Adm K ) is ni -injective for k > Qg — 2 

(b) all finite coverings M K with k > 6g — 2 contain a closed incompressible 
surface with an annulus joining it to the boundary torus 

(c) this incompressible surface survives in all Dehn surgeries of M K except one, 
killing the longitude 

(d) for (p,q) coprime and p > 6g — 2, the Dehn surgery M(p,q), having a 
nontrivial p-part of Hi(M, Z), has a p-cyclic covering which is Haken, or 
reducible. 

(e) the ramified coverings N K of any Dehn surgery iV of M, except longitudal 
are Haken for k » 1. 

We notice that (b)-(e) are immediate consequences of (a). The proof in [FF] and 
[CL] uses hyerarchies; an approach of [CLR] is much more elementary, but it does 
not give an information, applicable to Dehn surgeries. We will be proving our 
version, Theorem A3, by analysis of the limit set in section 

4. Proof of the surgery theorem, big 
surgeries contain a 7ti-injective surface 

Proof of the Theorems 1.6.1, 1.6.2. Cut M along S and let M be the resulted 
manifold. Then by Thurston, there is a geometrically finite realization of Mq with 
incompressible quasi-Fuchsian boundary, such that the gluing problem has a solu- 
tion. This exactly means that the restriction of the uniformization representation 
on tvi(S) is quasi-Fuchsian. 

Proof of the Surgery Theorem. By the virtue of Theorem 1.6.1, applied to iV the 
restriction of the uniformization representation of M on tti{S) is quasi-Fuchsian. By 
Thurston's Surgery Theorem 2.1 (a), M(mi, Hi) are hyperbolic for miny^ mf + nf >> 

i 

1. Let pi be the composition of the surjective map tti(M) — > tti(M) and the uni- 
formization representation of M. As min^mf + — > oo, p\ \ S converge to a 

i 

quasi-Fuchsian representation, by the above and Theorem 2.1 (b). Now, by The- 
orem 1.6.4 the set of quasi-Fuchsian representation is open in the representation 
variety of ni(S). Therefore for min^/mf + n\ big enough, pi is quasi-Fuchsian, 

i 

therefore injective. Hence 7ti(S) — > ni{M) is injective. 
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5. A FUNDAMENTAL TRIHOTOMY FOR 7Ti-INJECTIVE SURFACES 

Let M be a closed 3-manifold and S — > M a 7Ti -injective immersed surface. A 
classical question is: does there exists a finite covering iV of M with tti(N) D 7r 1 (5') 
such that S lifts an embedded surface in M? A theorem of Jaco [SW] answers this 
question affirmatively if tti(S) lies in infinitely many subgroups of finite index. Now 
assume M to be hyperbolic. One has 

Proposition 5.1. (Basic trihotomy) Let M be a closed hyperbolic 3-manifold and 
tti(S) 7Ti(M) an inclusion. Let A be a limit set of tti(S) acting on 5" 2 by 
restriction of uniformization representation. Then 

(i) if A 7^ S 2 or a Jordan curve, then S is not embedded in any finite covering 
N of M 

(ii) if A = S 2 and S is embedded in N, then N fibers over a circle with fiber S 

(iii) if A is a Jordan curve and S is embedded in N then S 1 is not a fiber of a 
fibration N -> S 1 (but A may still fiber) 

Proof. Let iV be a finite covering of M where 5 is embedded. If S 1 is a fiber of 
a fibration over S , then tti(S') is normal in 7Ti(M), therefore A(tti(S)) is 7Ti(M) 
-invariant, hence A(tti(S)) = S 2 . If 5 is not a fiber, then wi(S) acts on 5 12 as a 
quasi-Fuchsian group, by Theorem 1.6.2, so A(tti(S)) is a Jordan curve. 

Proposition 5.2. (1st criterion of virtual fibering) Let M be a closed hyperbolic 
three-manifold and 7ri(S') 7i"i(M) an inclusion. Then there exists a finite covering 
N, which fibers over a circle with fiber S, if and only if 

1) tti(S) is contained in infinitely many finite index subgroups of tt\{M) 

2) iri(S) contains a virtually normal subgroup of tt\(M). 

Proof. The "only if part is obvious. Now, (i) implies by Jaco that S is embedded 
is some finite covering N. On the other hand, if N' is another finite covering such 
that 7Ti(S) contains a nontrivial subgroup, normal in tti(N), then the limit set of 
this normal subgroup is all of S 2 by above, so A(tti(S)) is all of S 2 and S is a fiber 
of a fibration. 

6. Proof of the double coset Theorem 

Proposition 6.1(Malnormality). Let M be atoroidal Haken manifold, S e — > M an 
embedded incompressible surface, not a fiber of a fibration over S . Then for a big 
set of elements (see below) x G tt\(M) there exists N(x) such that for n > N(x) 

x- n n l (S)x n nn l (S) = 1 

Proof. By the Thurston's hyperbolization theorem we may, and will, consider M as 
hyperbolic manifold. Let A be A(7Ti(5')), a Jordan curve by 7.1. Define B C 7Ti(M) 
by a; G -B if and only if neither of the two fixed points of a; is in A. 

Lemma 6.2. B is not empty. 

Proof. Let C C >S 2 x S 2 be a closure of the set of oriented pairs (attracting fixed 
point (y)), repelling fixed point (y)) taken over all y G ir\{M). Then C is closed 
and invariant, therefore C is all of >S 2 x 5" 2 by Sullivan's theorem [Su]. So B is 
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nonempty. Let y G tti(M) and let A' = y(A). Define B' as a set of x G tt 1 (M) 
such that neither of the fixed points of i in A U A'. 

Lemma 6.3. For x G B' , x n y~ x G B for n » 1. 

Proof. The attracting fixed point of x n y converges to that of x. The repelling fixed 
point of x n y converges to the image under y~ x of the repelling fixed point of x. 

For A a closed set of S 2 of measure we will call the set B(A) defined as above 
a big set of ni(M). 

Now let x G B(A(iti(S)). Let n be a positive integer and let y G x n ni(S)x~ n . 
Then the fixed points of y lie in x- n (A(7ri(S)). So if y G x n n 1 {S)x~ n n tti(5) 
then the fixed points of y lie in x~ n (A(ni(S))) fl A(7Ti(5')). This set is empty for 
| n \» 1, so y = 1. 

Proposition 6.4- (2nd criterion of virtual fibering). Let M be a hyperbolic 3- 
manifold, 7Ti(<S) 7Ti(M) an injective surface. Then S is a fiber of a fibration 
for some finite covering N of M iff 

(i) tvi(S) is in infintely many subgroups of finite index and 

(ii) for any x G tt\(M) there exists N(x) such that for m > 1 

Proof. The "only if part is obvious. On the other hand, by (i) S is embedded in 
some covering iV of M. If S is not a fiber of a fibration, then (ii) contradicts the 
Theorem A4. 

6. 5 Proof of the double coset theorem. By the virtue of Sullivan' theorem we can find 
x G 7Ti(M) such that its fixed points lie in different components of S 2 \ A(tti(S)). 
Say, its attracting point lie in U and its repelling point lie in L where U, L are these 
components. 

Claim. For fixed positive n and any m » n, 

x m i n 1 (S)x n n l (S) 

Proof of the claim. Suppose yx n = x m z with y,z G tti(S). Let a G U be the 
attractive fixed point of x. Since z(U) = U, for m » 1 the image x m z{U) will be 
in a small neighbourhood of a, in particular its diameter in the hyperbolic metric 
of U converges to as m — > oo. On the other hand, diam (yx n (U)) — dia,m(x n U) 
since ni(S) acts isometrically. Since n is fixed, diam (yx n U) does not converge to 
0. 

Now one chooses inductively a sequence such that x Uk does not belong to any 
of n 1 (S)x ni n 1 (S) with i < k — 1. The theorem is proved now. 

7. Quasi- Fuchsian knots and analytic proof of Freedman-Cooper-Long 
theorem 

7.1. 

In this section we will apply the ideas developed earlier in connection with closed 
surfaces in three-manifolds, to surfaces with boundary. One of the outputs of 
this study will be an analytic proof of the Freedman-Long theorem discussed above 
. The central notion in this section is that of quasi-Fuchsian knot. Recall first, that 
if M is a three-manifold with boundary a torus T, K a simple loop in T, [K] = 
in Hi(M, Z) then there is a Seifert surface S in M with boundary at K, which is 
incompressible, that is,7Ti(<S) — > tti(M) is injective. Now suppose M is hyperbolic. 
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7.2 Definition. A knot K is called quasi- Fuchsian if there is a Seifert surface S such 
that the restriction of the uniformization representation p : tti(M) — > PSL2(C) on 
tvi(S) is quasi-Fuchsian. 

7.3 Remark. The Thurston's proof of his hyperbolizatin theorem [Mo] implies that 
all non- 2- virtually fibered hyperbolic knots are quasi-Fuchsian by Theorem 
1.6.3. 

7.4 Proof of the Theorem A3. Let I = [K] in 7Ti(E\AT(k), and let m G tti(E\AT(k)) 
be a meridian. Let P C 7Ti(E \ N(K)) be a group, generated by m, £ Then 
P ss Z ® Z. Consider p(-P) C P5 , L 2 (C). We can conjugate p(-P) into a group 

Now, let A be a limit set for p(ni(S)). This is a Jordan curve in C ~ S 2 . Since 
[£] is represented by the transformation z i— > z + 1, A is simply a periodic curve 
(Fig.l). 



Fig.l 

We will call the linear measure of the projection of A on C/R • 1, divided by Imr, 
a width of K,w(K) for short. This is a topological invariant of K. Now we claim 
that for s > w(K), 

m s 7ri(5)m- s n m(S) = {£ n ,ne Z} 

Suppose x E m s ivi(S)m~ s . Then the fixed points of x lie on A + s ■ r. So if 
x G m s 7Ci(S)m~ s n 7Ti(5'), then the fixed points of x lie on A + s ■ t n A = {00}, 
so a; is parabolic therefore x is conjugate to a power of £, and in fact x is a power 
of i since Fix(x) = {00}. This proves the Theorem A3. It is elementary to deduce 
Theorem 3.2 from Theorem A6 [CL]. 

8. Freedman's surfaces give boundary groups 

Let K C E be a hyperbolic knot which is not fibered. Let S 9 be a min- 
imal Seifert surface for K and let k be such that the Freedman's surface 
F = Fr(ni(S), Adm K ) is incompressible in the infinite cyclic covering of 
E \ K (by 3.2, it is enough to take k > 6g — 2). We may, and will, assume 
that the Freedman's surface is embedded in the cyclic covering M K of 
E \ K. Let p : 7Ti(E \ K) — > PSL 2 (C) be the uniformization representation. 
We wish to understand p | 7Ti(F). 

8.1 Proposition, p \ tvi(F) is geometrically finite. 
Proof. Immediate by Bonahon's theorem [Bo]. 

8.2 Propositon. p | tti(F) is a (Bers) boundary group. 

Proof. Let = Mj~ and let A t be its Dehn fillings with slope Then, as in 

the proof of the Surgery Theorem Al, if pt is the uniformization representation for 
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Pt |7T 1 (F)->p|7T 1 (F) 

Moreover, F is incompressible in N t [CL], [CGLS] therefore p t \ ni(F) is quasi- 
Fuchsian, so p \ tti(F) is a boundary group. 

For a deeper analysis of p \ tt\{F) we notice that N t admits a natural decompo- 
sition 

N t = Y U Yi 

where Yq,Yi are defined as follows. Let F be E - N(K) cut open along 5 1 . Then 
dY = S + U £_ where 5 , _ ) _,5 , _ are canonically homeomorphic to S. For any do,d\, 
such that <io + d\ = t one defines Yj = Y U Y U ....Y(di times) always gluing S + 
of the previous copy of Y with the S- of the next. We assume dj > 6(7 — 2, then 
<9Yj is incompressible in Yj by [CL] . The map a : 8Yq — > dY\ is a homeomorphism, 
described as follows: 8Yq is a double of S, so that there is a canonical orientation- 
reversing involution A, fixing the middle curve L. Let f3 be the Dehn twist along 
L, then a = p* o A. Let # : F(aY" ) -> F(dY" ) and ^1 : T(9Yi) -> T/dYi) be the 
skinning maps. Since Yq is canonically homeomorphic to Y\ we can identify them. 
Then an element z of T(<9Yo) which solves the gluing problem is a fixed point of 
#0 cr#icr _1 . The situation is similar, but more complicated, than in [KT] where 
the authors looked at the boundary group defined by a sequence (zo, P t zo) where 
z E T(dY ) is fixed and (3 as above. In [KT] the limit group has the limit set a 
proper subset of S 2 whereas in our situation it seems that the limit set is all of S 2 
though I don't know how to prove this. 

9. Digression to arithmetic topology: Freedman surfaces and gener- 
alized cyclotomic units 

9.1. The reader should be familiar with Appendix 21, The Language of Arithmetic 
Topology, in order to understand this section. 

Let if be a number field with p \ h(K). Let L D K be a cyclic extension with 
Gal (L I K) = C p . Then some prime ideal q C O(K) is totally ramified: q = f p in 
L. Assume q is principal in K (say h(K) =0). By the motivic spectral sequence, 
p \ h(L), so / is also principal. Let w G f be such that f = (w). Let £ be a 
generator of Gal(L | K). Then for any m, ^ m w ■ w -1 is a unit. This is true for 
any cyclic extension for which there is a totally ramified principal ideal q such that 
f is again principal. If K = Q, L = Q(py/l), so that Gal(L | K) = C p -i then (p) 
is totally ramified: (p) = (1 — C) p_1 and one arrives to Rummer's cyclotomic unit 

i + c + .-. + c™- 1 

The topological counterpart is a 3- manifold E and its ramified covering E m . The 
analogue of w is the Seifert surface S, and ^ m w ■ w -1 is exactly the Freedman's 
surfaces in E m . 

10. Jaco's theorem and its corollaries 

Let M be an acyclic closed 3-manifold, which does not contain a surface 
group. Then: 

Proposition 10.2. (Jaco) Any infinite index subgroup of it\{N) is locally free and 
conversely. 

Proof. Jaco [J]. 
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Corollary 10.3. There are maximal (normal) subgroups of infinite index in tt\{M), 
i.e. there are infinite index (normal) subgroups Y C tt\{N) such that any (normal) 
A D r is of finite index. 

Proof. Immediate by Zorn lemma. The union of a chain of locally free subgroups 
is locally free. 

That means there are infinite quotients G of m(M) with all normal 
subgroups of finite index. 

11. p-cycles 

11.1. A p-cycle is a following 2-complex: take an oriented surface S with boundary 
a circle dS. Take a product I x W where W is the graph in Fig. 2. 



and identify {0} x W with {1} x W by rotation by *2L. The resulting complex 

has a boundary S 1 . Glue it to dS. This is a p-cycle. For p = 2 a p-cycle is a 
nonorientable smooth surface. 

11.2 Lemma. For p a prime and X any space with H 2 (X, Z) = any element in 
H 2 (X, F p ) can be represented by a map of a p-cycle. 

Proof. H 2 (X, F p ) « Tori(fTi(X),Z p ). Let z e tti(X) be such that z p = Hl =1 [xi, yt]. 
so [z] represents an element in Tor\{H\(x), Z p ). Map to X sending the core loop 
to z and send S to X by the map of generators and glue. 

11.3 Lemma. If M is a closed 3-manifold and W M is an embedded p-cycle, 
then [Q] e H 2 (M,¥ p ) is not zero. 

Proof. One constructs easily a loop in M intersecting Q transversaly at one point. 

11. If. p-cycles in surgeries. Let E be a homology sphere, K a knot in E, S 9 a Seifert 
surface of K with boundary at dN(K) w T 2 . Let E(p, g) be a result of (p, g) Dehn 
surgery, (p, qr) = 1. 

Lemma 11.5. T,(p,q) contains a p-cycle of genus g. 

Proof. This is imediate. The solid torus we glue contain a VF-bundle over a circle 
with boundary parallel to K. Observe that H 1 (T,(p,q)) Z/pZ and the class of 
the p-cycle under consideration is dual to a generator of -ff 1 (E, Z p ). 

11.6 Cycles modp in ramified coverings. Let E be a homology sphere and let L be 
a link in E, L = K\ U . . . U K s . Let S be a Seifert surface of Ki, transversal to all 
Ki,i > 1. Let Ep be a p-ramified covering of E. Let S be a preimage of S in E p . 
Then £ is a cycle modp but not a p-cycle is in our sense, since the neighbourhood 
of the singular curve has a boundary which is connected. In particular, [S] may 
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represent zero in H 2 (T, p , F p ). However, if for some i, link (K^, Ki) ^ 0(modp) then 
the class of [S] is not zero. This will be used later. 

11.7 Definition. A p-cycle QcMis called dominating, if tc 1 (Q) — > n 1 (M) has an 
image of infinite index in 7Ti(M). 

Theorem 11.8. Let M be a closed irreducible three-manifold which has a non- 
dominating p-cycle. Then %i(M) contains a fundamental group of a closed surface. 

We remark that if p = 2, that is if M contains a nonorientable surface which is 
not dominating, then M is Haken by a theorem of Rubinstein. 

Proof. Let Q C M be a non-dominating p-cycle. Then the image of it\{Q) is of 
infinite index. 

Claim. The image G of ki(Q) in tti(M) is not free. 

Proof of the claim. Suppose the opposite. Then the image of the fundamental 
class of Q in H 2 (iri{M),W p ) « H 2 (M,W P ) factors through #2(G,F p ) = 0, which is 
impossible. 

The Theorem 11.8 follows now from Proposition 10.2. 

Corollary 11.8. Let M be a closed manifold with #i(M,F p ) 7^ 0. Let z e 7Ti(M) 
be such that z ^ MM), 7Ti(M)] but z p G [7ri(M), 7Ti(M)], say z p = nf=i[ aj *» 2/i]- 
Suppose {0:^,^,2} generated an infinite index subgroup. Then ir\{M) contains a 
7Ti -injective surface. 

Proof. Follows from above and 11.2. 

Corollary 11.9. Let E be a homology sphere K a knot, S" 3 in Seifert surface and 
g) the Dehn surgery.If no 2g + 1 elements generate a finite index subgroup of 
g) then E(p, g) contains an injective surface. 

11.10 Remark. If K is not fibered, then for big p, p > 6(7 — 2, E(p, g) is virtually 
Haken by the Cooper-Long Theorem. 

11.9 Remark. Let E 2p be the 2p-ramified covering of E. If no 2g elements generate 
7ri(E 2p ), then obviously Y (see above) is not a handlebody, so a compressing of dY 
gives a closed incompressible surface in Eoo, the infinite cyclic covering of E \ K. 
The theorem of Freedman 3.1 would follow then from the assertion that the least 
number of generators for 7Ti(E 2p ) goes to 00 as p — > 00, if K is not fibered. I do 
not know how to prove this. 

12. Homology domination 

12.1. A p-cycle Q C M is g-homology dominating, if Hi(Q,¥ q ) — >■ Hi(M,¥ q ) is 
surjective. 

12.2 Proposition. Let Q C M be a p-cycle of genus (7. If for some g, &i(M,F g ) > 
g + 2, then M has a 7Ti -injective surface. 

Proof. Q is not dominating by [SW], . So M has a 7r!-injective surface by 
Theorem 11.6. 
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12.3 Theorem A5. Let M be a homology sphere with a link K = K\ U . . . U K s . 

Let N — > M be a p-covering, ramified along L. Let F\ be an oriented Seifert surface 
of K\, transversal to Ki, i > 2. Let P = Yli=2 tK-^i ^ -^l)- Suppose for some i > 2, 
link (Ki, K\) ^ 0(p). If for some q^ p, 

dimtf^F,) > 4 -p( X (F) - 2) + (p - 1)P, 
then N is virtually Haken. 

Proof. The full preimage S of F is a result of a gluing of a smooth (possibly 
disconnected) oriented surface Q with p boundary components and a product of a 
circle with the graph of Fig. 2. 

One sees immediately that S is a cycle modp. Since link (K^, Ki) ^ (for some 
i, [S] D [^] ^ 0(p) in N, therefore, [S] ^ in H 2 (N, ¥ p ). It follows that the image 
of 7Ti (jS') in tti(N) is not free. 

The Euler characteristic of Q is bounded above by px(F) — (p — 1)P by Hurwitz 
formula. Since K t D F ^ in M, the Galois group of the covering AT — > M may not 
permute the components of Q, so Q is connected. It follows that tti(Q) is generated 
by 2 — (x(F))p + (p — 1)P + p elements. 

Lemma. Let X = YUZ,A = YnZbe CW-complexes so that tt (Y) = tv (Z) = 0. 
Suppose 7Ti(y) is generated by r± elements, tti(Z) is generated by ri elements and 
| tvo(A) |= p. Then tti(X) is generated by r\ + r 2 + (p — 1) elements. 

Proof. Is elementary and left to the reader. 

Now we see that tti(S) is generated by 2 — (x(F))p + (p — 1)P + p + 1 +p — 1 = 
2 — x(F)p + (p — 1)-P + 2p elements. Now we may apply the theorem of Jaco- 
Baumslag-Shalen-Wagreich to prove the theorem. 

12. 4- Now we consider the case p = q = 2. We will prove the Theorem A4, stating 
that if M posess a nonorientable surface which is not 2-homology dominating, then 
M has virtually positive b±. We need to collect first some well-known facts about 
nonorientable surfaces in orientable 3-manifolds. 

12.5. Let M be an orientable three-manifold and S an embedded non-orientable 
surface in M. Recall that S is diffeomorphic to a connected sum of 2 — x(M) copies 
of MP 2 . In particular wl(S) = w 2 (S) = x(M)(mod2) since the Stiefel- Whitney 
numbers are bordism invariants. Let v be the normal bundle to S, then wi(u) = 
wi(S) since w\{M) = 0. Let 7 be a simple curve in S, such that (wi(S), [7]) ^ 0. 
It follows that v I 7 is nontrivial, therefore there is a section S of v \ 7 which is 
transversal to the zero section and intersects it in one point. That means that 5 
is transversal to S in M and intersects it in pone point. In particular, [S] 7^ in 
H 2 (M, ¥2). Moreover, for any simple curve 7 in S we have [7] fl [S] = (u>i (<!?), [7]), 
where [7] is understood to lie in Hi(M, ¥2) in the left hand side of the equation 
and in Hi(S, ¥ 2 ) in the right hand side. 

Choose a section E of v over S which is transversal to the zero section. The 
intersection £ fl S will represent a class in Hi(S, ¥ 2 ), dual to w\{v) = wi(S). It 
follows that S D S D S = wf(S). We resume this in the following proposition: 

Proposition 12.5. If S C M is as above then [S] 7^ in H 2 (M,¥ 2 ). Moreover, if 
A G H 1 (M,¥ 2 ) is a class dual to S, then A 3 = x(S)(mod2). 
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Corollary 12.6. Suppose M is a rational homology sphere and S C M is such that 
x(S) is odd. Then Hi(M)( 2 ) = Z/2Z © V and the decomposition may be made 
orthogonal with respect to the linking form. 

Proof. By 4.1, A 3 ^ 0, in particular ^ A 2 = /3(A), so that A : #i(M, Z) -> Z/2Z 
does not factor though Z/4Z. It follows that Hi(M) {2) = Z/2Z © V. Moreover, if 
z G ffi(M)( 2 ) is such that A = (•, z), then A 3 = (z, z) ^ 0, so taht the splitting may 
be made orthogonal. 

Now consider an unramified double covering A —A M corresponding to A. Since 
we proved that A | S = wi(S) ^ 0, the preimage 7r _1 (5') is connected and oriented. 
If b\(N) = 0, then 7r _1 (S') should separate A in two diffeomorphic manifolds Di 
and D 2 with boundary tt~ 1 (S). In other words, we have the following 

Proposition 12.7. Any three-manifold M containing a non-orientable surface either 
has a double covering with positive b±, or can be constructed in the following way: 
start with an oriented manifold D with boundary S, posessing on orientation- 
reversing free involution £ : S — > S. Then identify x and y if and only if x, y G S 
and (x = y. 

Theorem 12.8. Let p = 2. If for some embedded non-orientable surface S, the natu- 
ral map Hi (S, Z2) — > Hi (M, Z2) is not surjective, in particular, if rankiHi (M) ( 2 ) > 
bi(S, F2), then there is a double covering of M with 61(A) > 0. 

Here we will collect several facts from [Re 1] needed for a proof of the theorem. 

12.9 Lemma. ([Re 1], 5.2). Let A be a finite covering of M: Let 7r* : #i(A) 
Hi(M) be the natural map induced by n : A -> M and let t : Hi(M) Hi(N) 
be the transfer map. Let 2; G Hi(M) t0 rs and w G Hi(N) t0 rs- Then (7r*t(;,2)M = 
(w, £z)jv where (•, •) is a linking form, valued in Q/Z. 

12.11 Lemma. ([Re 1]). Let p be a prime and let z G Hi(M)t p \ be of order p. Let 
A A M be a covering, corresponding to (-,z). Suppose 61(A) = then t(z) = 0, 
and moreover ker(t) is generated by z. 

Proof of the theorem. Choose fx G H 1 (M, Z 2 ), different from A, such that \x \s= A | 
5. Let z, u G Hi(M, Z)( 2 ) be elements of order 2 such that (2, •) = A, (w, •) = /U. 
Let 7r : A — > M be a covering, corresponding to \i. Suppose 61(A) = 0. Let 
Q = tv- 1 (S). 

12.12 Lemma. Let w G Hi(S,Z) be unique nontrivial torsion element. Then the 
image of w in Hi(M 7 Z) is z. 

Proof. Let A C M be a closed curve, transversal to S. There exists a decomposition 
5" = .So U Sj such that 

(a) S'o is a sphere with g = genus (S) discs removed. We denote Ci the bound- 
aries of these discs 

(b) Ej is a Mobius band with basis di and boundary Cj 

(c) u; is represented by £<ij 

(d) all intersection points of 7 and S lie in Sq. 

Let v be a class of T,di in Hi(M, Z). Then 2i> bounds an oriented singular surface 
B (a map at sphere with g holes in M) with image S, and ([7],i>)m = 1/2(1(7 ^ 
So)(modZ), where (1(7 H S a ) is counted with orientation. Up to the identification 
Z • i(morfZ) ss Z 2 , this is [7] n [S ] = X(^). q.e.d. 
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Now we have a commutative diagram 



Hi(Q) ► H^N) 

t t 

H^S) > #i(M) 

Since Q is oriented by 14.5, H 1 (Q) tors = 0, so t(w) = 0. It follows that t(z) = 0. 
On the other hand, by Lemma 14.11, ker(t) is generated by w ^ z,& contraction. 
So h(N) > 0. 

13. Tight knots 

13.1 Definition. A homologically trivial knot K in a rational homology sphere E 
is called tight, if there is a Seifert surface S for such that tti(S) — > 7Ti(E) is 
injective. 

15.^ Examples. 1. Let T C 7Ti(E) be any finitely generated free group (recall that 
any 3-manifold with rich fundamental group [Re 1] has free subgroups of any rank 
in its fundamental group). Realize V by a handlebody P C E. Let K C dP be 
any essential loop such that [P] = in Hi (P, Z) . Then there is an embedded 
incompressible surface S in P with boundary in a neighbourhood of K. So K = dS 
is tight. 

2. If X C S is not fibred, then K becomes tight in some ramified covering E m 
of E, by [CL] . 

3. Let E be hyperbolic and such that no 2 elements generate a finite index 
subgroup in 7Ti(E]. Let K C E be a genus 1 knot, [K] ^ 1 in 7Ti(M). Then either 
E contains a tt\ -injective closed surface, or K is tight. Indeed, if S is a punctured 
torus with dS = K. Suppose ip : tt\(S) — >• 7Ti(E) is not injective. It its image is 
free of rank 2, then is an isomorphism [LS], a contradiction. If t(j(7ri(S)) is free 
of rank one, then [K] = 1 in 7Ti(E). If ifj(ni(S)) is not free, then E contains a 
7Ti-injective surface. 

4. A recent theorem of Boyer-Culler-Shalen -Zhang [BCSZ] asserts that if K E E 
is not fibered, then for m big enough , K bevomes tight in a (m, n)-surgery of E. 

Proof of the Theorem A6. Consider the Freedman surface S UT e S , £ > 1. We will 
use the technique of collapse which consists in the following lemma of Shapiro and 
Sonn [SS] (a stonger theorem goes back to Zieschang, see [Re]). 

Lemma. If iii(S g ) — ► tvi(F) is a surjective way of a fundamental group of a closed 
surface on a free group, then rank F < g. 

Proof. The image of H 1 (F, Q) in H 2 {S, Q) is Lagrangian with respect to the natural 
symplectic structure in H 2 (S, Q), because H2(F) = 0, and so for any two elements 
in H 1 ^, Q), say u, v, (^*u U %j)*v)([S\) = (u U v)tp*[S] = 0. 

Coming back to the proof of the theorem, we have the possibilities 

(a) ipi(So U t £ Sq) — > 7ri(E m ) has the image of finite index. Projecting to E, we 
see that tti(S) — > 7ri(E m ) has the image of finite index, a contradiction to 
tightness. 

(b) the image of 7Ti(So U t 1 So) — > 7ri(E m ) is free. By the lemma above, this 
is a free group F with < 2g generators. Now, F projects surjectively on 
tti(S) = F 2g , do F has exactly 2g generators and the projection is an iso- 
morphism [LS]. But the restrictions of the projection to 7Ti(S'o) and 7Ti(t^5'o) 
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is obviously an isomorphism as well. It follows that rf | 7Ti(S'o) is identity. 
However, by a theorem of Conner [Co], for an action of a finite cyclic group 
on a K(tt, 1) three-manifold space, cannot have fixed elements in the 
fundamental group, except powers of the element, represented by K. So 
this is impossible. 

(c) the image of tti(So Ut 1 So) —> 7Ti(E m ) is not free and of infinite index. Then 
E m has a tx\ -injective surface by 12.2. Now, we start to compress SqVJt^Sq. 
Then either we arrive to an incompresible surface, or the map tti(So U 
t 1 So) — > 7Ti(M) is factored through a free group F 2g with 2g generators. 
Say, / is a map from 7r 1 (5 , U ^Sq) to F 2g and g is a map from F 2g to 
7Ti(£ m ). Arguing exactly as above, we find that g must be an isomorphism, 
and rf | 7ri(5'o) is identity, which we showed to be impossible. So E m is 
Haken. 

A7. Corollary. .Let K C £ be any knot which is not fibered.Let E(m, n) be a 
result of the Dehn surgery.Let E(m, n, p) be a p-ramified covering of E(m, n).Then 
for m » 1 and p > 2, E(m,n,p) is Haken or reducible. 

14. Appendix: The Language of arithmetic topology 
The circle of ideas which form the basis of what follows is a joint 
invention of several generation of mathematicians. The fundamental idea 
- that a closed three-manifold "is" a number field is a direct development 
of the classical analogy between arithme tics and algebraic geometry. In 
various form this idea has been suggested by Mazur, Manin and others 
starting from 60-ies. Its present formulation is closed to that contained 
in a lecture of Kapranov and myself in MPI, in the summer of 1996. 

14.1.1 Foundations. A closed three-manifold is an analogue of a number field. 

2. A three-sphere S 3 is an analogue of Q. 

3. A ramified covering M — > N is an analogue of an extension K C L. 

4. A Galois ramified covering M — > N is an analogue of a normal ex- 
tension K C L,G = Gal{L\ K) 

5. An element w G 0{K) is an analogue of an embedded surface with 
boundary S C M 

6. A knot K C M is an analogue of a prime ideal p C 0{K). 

7. A map w 1— > (w) is an analogue of a correspondence S 1— > dS 

8. A closed embedded surface F C M is an analogue of a unit e C U(K) 

9. Normalization of ramified coverings, ramified loci, etc. correspond 
in the obvious way. 

10. The Galois group of a maximal unramified extension corresponds to the 
fundamental group. 

14-2 One step deeper. 

14-2.1. An ideal class group I(K) is an analogue of H\ ors (M : 'L) 

14-2.2. For a Galois ramified covering M — > N (extension L | k) the Galois modules 
I(K), (H{ ors (M,Z)) correspond. 

14-2.3. The group of units mod torsion U(K)/tors corresponds to Hi(M, Z) /tors. 

14.2.4. An embedding K — > K. or C correspond to a harmonic 1-form w G 0'(M, R) 
with respect to a hyperbolic metric of M (if M is hyperbolic). 
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14-2.5. Freedman's surfaces correspond to (generalized) cyclotomic units, see sec- 
tion 9. 

14.2.6. if -theory K t (K) correspond to w (Diff( M x . . . x M) ) 

i 

14-3 Two steps deeper. 

14.3.1. A theorem of Gauss, stating that for K a quadratic field, diniF 2 Z/2Z®I(K) 
equals number of primes in D(K) minus one, corresponds to Theorem 17.1.2. 

14-3.2. A theorem of Redei [Red] stating that for D(K) = pip 2 (K quadratic), 

I(K) ( 2 ) in Z/2Z or Z/2 n Z, n > 2 depending on ^ corresponds to Theorem A9. 

14.3.3. Further development see in [Re6]. 

14.3.4. A solution by .Safarevic of the class tower problem of Furtwangler corre- 
sponds to the part (a) of the Theorem 10.1 of [Re 1], due essentially to Turaev 
[T]. 

14.3.5. A Theorem 10.2 of [Re 1] states that if M does not have virtually positive 
bi and 61 (M, ¥ p ) > 4, then the pro-p completion of tti(M) is a pro-p Poincare 
duality group. 

15. Hyperbolization of Heegard splittings and bounded width in the 
mapping class group 

15.1. Thurston conjectured in [Thl] that "big" Heegard splittings are hyperbolic. 
This indeed seems to be the case, thou our approach is not that proposed by 
Thurston in [Thl]. 

Recall that the mapping class group Map g is generated by Dehn twists (by Dehn 
and Likorish). In many ways Map g behaves as a lattice in a semisimple Lie group. 
For arithmetic lattices V of rank > 2 it is porved in many cases, that they have a 
bounded width in the following sense: there is a finite set {A^}^ G T such that any 
element is of the form YliLi A^- 

Conjecture. (Bounded width in Map g ). There are finitely many Dehn twists A^ in 
Map s such that any double coset in 

Map° g \ Map s /Map° 
has a representative of the form YliLi A™ 4 , for some fixed N eN. 

Here one fixes a handlebody Y with dY = S 9 and denotes Map° g the image in 
ir (Diff(S)) of 7r (Diff(Y)). 

Let {L{\f =1 be a family of simple closed essential curves in S. Consider Q = 
S x [0,iV] and let L = \JL^ % > be a link in Q where is a copy of {Li} put on 
S x {i}. Let YqUYi be a Heegard splitting of S 3 (they are all standard). Thickening 
dY we represent S 3 as Y U S x [0, N] U Y 1 . 

Proposition 15.3. For a set of integers {ki}, a result of the surgery on the link L 
with parameters (l,k{) is diffeomorphic to the Heegard splitting with the gluing 
riA fci where (3(L) is the Dehn twist around L. 

Proof. An exercise left to the reader. 
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Now, for ki all big enough, the Thurston conjecture above follows from the 
Thurston surgery theorem. 

Appendix 16. Euler class and free generation 

This appendix consists of two parts. In the first auxilliary part, we 
deal with sets with cyclic order. For any such set O we introduce fol- 
lowing [BG] a cocycle £ : G x G — > Z valued in {0, ±1} C Z on the group 
G of automorphisms of O. The cohomology class of t in H 2 (G,Z) will be 
called the Euler class. If K is an ordered field, then the projective line 
¥ X (K) has a cyclic order and PSL2(K) acts order-preserving on P 1 (X), so 
that we get both the cocycle I and the Euler class in H 2 (PSL 2 {K),Z). 
If K = R, then our Euler class coincides with the usual Euler class on 
PSL 2 (R). 

In view of our extension of the Euler class to all ordered fields, the 
following two problems arise. 

Problem 1. Let p : tci(S) — > PSL>2(K) be a homomorphism of the fundamental 
group of a closed oriented surface. Is it true, that |(p*[^], [S])\ < 2g — 2? 

Problem 2. Suppose |(p*[^], [S])\ = 2g — 2. Is it true that p is injective? 

For K = IR the theorems of Milnor [M] and Goldman [Go2] , answer these prob- 
lems positively. 

In the main second part of this paper, we apply the cocycle t and the ideas 
from the theory of Hamiltonian systems on the Teichmiiller space to the following 
classical problem: 

Problem 3. When n matrices in 5 , L 2 (IR) generate a free discrete group? 

For n = 2 this problem has been treated in many papers see [Gi]. An effective 
solution is given in [Gi]. The analogous problem for (C) also attracted a lot 
of attention especially since Jorgensen paper [J]. For n > 2 however, the problem 
becomes much harder. We will give a simple sufficient condition for n hyperbolic 
elements in 5 , L 2 (IR) to generate a free discrete group. This condition is open, that 
is, satisfied on an open domain in (S L>2(M>)) n . Here is our main result. 

Let n be even and let cxj, bi, 1 < i < n be in 6X2(1^). Suppose h = Yl7=i[ a i^ 
is hyperbolic. Consider the eigenvectors xi, £2 of h and a matrix r which takes the 

form ^ ^ in the basis (xi,X2). Put eij = r6 n+ i_ir _1 , bi = ra n+ i_ir _1 for 

n + 1 < % < 2n. Let Ij = Yli=ii a i, Hti < 2n )- 

16.0. Theorem. Let /(a, 6) = ^ Y^jLi a j)+£(Ij-i a j> ty)— i^j-iajbjaj 1 , cij) — 
£(Ij,bj) Then 

(a) /(a, b) is an integer and \f(a, b) \ < 2n — 1 

(b) if\f(a, b)\ = 2n — l, then {a^, bi} generate a free hyperbolic group in ST^M). 

16.1. Cyclically ordered sets, ordered fields and the Euler class. 

16.1.1. A cyclically ordered set O is a set with a subset O in O x O x O, satisfying 
the following conditions: 

(i) if (x, y,z) G O then x, y, z are all different 

(ii) ifcr is a permutation of (x, y, z) and (a;, y,z) G O then {o~(x), cr(y), a(z)} G O 
if and only if a is even 

(iii) if z is fixed then the relation x < y ^ {x,y, z) G O is a linear order. 
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16.1.2 Example. Let K be an ordered field and let P 1 (X) be a projective line over 
K. We can think of P 1 (X) as K U {oo}. The cyclic order in F^K) is defined by a 
condition that the induced order in K is standard. The group PSL 2 (K) acts on 
P 1 (i^) preserving the cyclic order. 

16.1.3. Define a function ip : O x O x O — > {0, ±1} in a following way: 

(i) if any of (x, y, z) are equal, then tp(x, y, z) = 

(ii) ^ is odd under permutation of (x, y, z) 

(iii) if (x, y, z) G O, then ip(x, y, z) = 1. 

16.1.4- Now let G be a group, acting in order preserving way on O. Fix any element 
p G O and define a function £ : G x G — > {0, ±1} as ^(<7i, (72) = V'(P) #2P, 9\9iP)- 

Lemma (16.4). £ is an integer cocycle on G. 

Proof, is a direct computation and left to the reader. 

Definition. The cohomology class of £ in H 2 (G) (which does not depend on p) is 
called the Euler class. In particular, for an ordered field K one gets the Euler class 
in H 2 (PSL 2 (K),Z). 

16.1.5 Comparison theorem ([BG]). For K = R, the class of I in H 2 (PSL 2 (R)) 
is the usual Euler class of associated S 1 -bundle over BPSL 2 (R). 

Proof. Consider the action of PSL 2 (M.) on TC 2 . For any p G Ti. 2 the class £ p (gi, #2) = 
Area (p, g 2 p, gxg^p) represents the Euler class e [Gu]. Here Area(p, q, r) is the area 
of oriented geodesic triangle with vertices in p, q, r. Now [£ p ] G H 2 (PSL 2 (M.)) does 
not depend on p and all cocycles l v are uniformly bounded. For po G OH 2 and 
p — > po, we will have £°°-convergence of cocycles l Vi — > £ Po . Moreover the area 
of ideal triangle (p,q,r) is tv ■ tfj(p,q,r). Any homology class in H 2 (PSL 2 (R)) is 
represented by a map of a surface group tti{S) — > P5 , L 2 (1R). It follows that 
(£ Po , a* [S 1 ] ) = lim(£p { , ck* ) = (e, a*[S']). This completes the proof. 

16.2. Discrete Goldman twist. We will work with the representation variety 
M. = Horn (tti(S), S X 2 (W)) / S L 2 (M.) , where S is an oriented closed surface of genus 
g. It has l + 2(g — 1) connected components, indexed by the value of the Euler class 
[H]. Every such component, say M e , is a symplectic manifold, nonsingular if e 7^ 0. 
For any 7 a conjugacy class in 7Ti(M), there is a natural Hamiltonian Tr 7 : M. — > M, 
and the corresponding Hamiltonian flow has been identified by Goldman. If 7 can 
be represented by a simple separating curve, this flow can be described as follows. 
Write a presentation of ni(S) in the following form: 

[X U X 2 ] . . . [x 2k -1, X 2k ] = [7] = [X2K+1, X2 K +2] ■ ■ ■ [x2g-l, %2g] 

Next, write [7] = expA for some A G sfoffi). Then put 

x\ = exp(— tA)xi exptA, i > 2k; 

this is the flow of Tr 7 . In particular, f t : {xi} — > {x*} is a symplectomorphism of 
M.. Here x« stands for the representation matrix of x«. 

For different 7, the Hamiltonians Tr 7 yield nice commutation relations, dis- 
covered by Wolpert [W] and put in a more "representation variety language" by 
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Goldman [Gol]. In fact, the integer group ring of ni(M) becomes a Lie ring with 
Goldman's bracket. One may wonder what kind of group object correspond to it. 

Whatever this eventual "Kac-Moodi-Goldman" group may be, we will introduce 
now some elements from the "other connected components" of it. These are defined 
for M±[ g -i), which is naturally symplectomorphic to the Teichmiiller space by a 
theorem of Goldman (see various proofs in [Go2]. In this case, all representation 
matrices are hyperbolic. 

For 7 as above, let r be a unique matrix (up to sign), commuting with [7] with 
eigenvalues +1 and —1. Put 

f(xi) =Xi,i< 2k 
f(xi) = r~ x XiT, i > 2k 

This is a symplectic diffeomorphism of Ai±( g -i). There is a particularly nice de- 
scription of the map / if one views M. g -\ as Teichmiiller space. Namely, realise 
a point in M. g -i as a hyperbolic metric on S and find a geodesic, representing 7. 
We assume that the marked point lies on 7. Cut S into two pieces along 7 and 
glue again by a reflection, which fixes a marked point. Then the new hyperbolic 
structure is the image of /. 

16.3. Euler class. For a representation Xi — > Xi of ni(S) in 6X2 (M) the Euler 
number is an integer between —(g — 1) and (g — 1) by Milnor [M]. As mentioned 
above, all representation with the maximal Euler number are discrete faithful hy- 
perbolic by Goldman's theorem. One can introduce a universal Euler class e in 
H 2 (SL2(7&), R) as the image of a generator in continuous cohomology H^ ont {SL 2(^)1 K). 
A representation Xi — > Xi as above defines a homology class in H-i{SL\{^), Z), the 
image of the generator of Hi{ys\{S)i Z) ~ Z, and the Euler number is just given 
by the evaluation of e on this class. Now, the generator of Hi{js\{S), Z) can be 
realized by an explicit cycle in the standard complex [Br], that is, X^=i(-(?-i \ x j) + 
(Ij^Xjlyj) - (/, \-i\jUjX; 1 //,-) - (Ij\yj) where Ij = [x 1 , yi] . . . [xj,yj]. On the other 
hand, the universal Euler class may be realized by a cocycle £(A, B) as de- 

fined in Section 1. So the Euler number will be 

y 

+e(I j -i,x j ,y i ) -eilj-txjyjxj 1 ,^) -£(Ij,yj), 

i=i 

where Ij is defined in an obvious way. 

16.3. Proof of the Main Theorem. Consider a closed surface S of genus 2n. A 
map Xi — > a,i,yi — ^ 6^,1 < i < 2n defines a homomorphism from tti(S) to SL2(M). 

Indeed, 117=1 t a *'^] ' lli=n+i[ a i'^] = ^ ' r ~ 1 h~ 1 r = 1. Next, the Euler number of 
this representation is computed as above, so f(a, b) is always an integer. Moreover, 
if /(a, b) = An — 2, then the representation above is discrete and faithful. Q.E.D. 

SU(1, n)-case, I. Consider a standard action of SU(1, n) on the unit ball BcC 
with the complex hyperbolic metric. Let lo be the Kahler form of B. Fix a point 00 
in the sphere at infinity and consider a function ip(A,B) = ip(oo, A(oo), AB(oo)), 
where ip(x, y, z) is an integral of ui over any surface, spanning the geodesic triangle 
with vertices x,y,z. Let a^b^ 1 < % < g be matrices in SU(l,n). Let h = 
Yli=i[ a iibi] and suppose h has a nonisotropic eigenvector. Then there exists a 
reflection r, commuting with h. Define a^, bi, i > g + 1 as in Introduction. 
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16.3.1 Theorem. Define /(a, b) by the formula in the Main Theorem. Then 

(a) /(a, b) is an integer and \f(a,b)\ < 2g — 1 

(b) if /(a, 6) = 2(7 — 1, i/ien {ai,bi\ generate a discrete group in SU(l,n). 

Proof. Same as above with Toledo's theorem [To] instead of Goldman's. 

16.4. Bounded cohomology. The bounded cohomology theory is an invention 
of Mikhail Gromov. The idea is as follows: in the standard complex, computing 
the real group cohomology we look only at bounded co chains, that is, bounded 
functions f:GxGx...xG^R. The resulted cohomology spaces are called 



H l b (G, R). There is a canonical homomorphism H l b (G, R) -> £P(G, K). 

16. 4-1 Example. Let M be a symmetric space of negative curvature with isome- 
try group G. Let ui be any G-invariant i-form on M. Then one gets a (Borel) 
class Bor (u>) e H l cont (G, R) (see [Re] for example), which may be represented by 
bounded cocycle (Gromov [Rel]). The Euler class in SL^l,™), n > 1 is a further 
specialization. 

16.4-2 Second bounded cohomology and combinatorial group theory. Consider a ker- 
nel of the map H b (G, R) — > H 2 {G, R). It gives rise to a function / : G — > R satis- 
fying \f(x,y) — f(x) — f(y)\ < C. Moreover, this function may be chosen a class 
function, that is, f(xyx~ x ) = f(y) and such that f(x n ) = nf(x) [BG]. 

Next, for an element z e G' = [G, G] a genus norm is the smallest integer g such 
that z is a product of g generators. A theorem of Culler [C] states: 

Theorem 18.4.2 (Culler). If G is a f.g. free group, then for any z e G' , \\ 

% \\genus^. COTLSt • fl. 

The following result has been proved by Gromov [Gr2] and author [Re3] . 

Theorem 16.4.3. Let G be geometrically hyperbolic, that is a fundamental group 
of a manifold of pinched negative curvature with i(x) — ► oo (e.g. compact). Then 

the conclusion of the Theorem 4-2 holds. 
Now, we have 

Proposition 16.4.4. Let f : G — > R be as above. If f{z) ^ 0, then \\ z n \\ ge nus> 



const ■ n. 



Proof. Let z n = 



UUi^Vil- Then 



9 



9 



n 



■m\ = \f(z n )\ = 1/(11^^)1 



i=l 



+C ■ g < 3c • g + C ■ g = AC ■ g, so g > 




Q.E.D. 



Genus norm in lattices in SU(l,n). 
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Theorem (16.4.5). Let T C 577(1, n) be a lattice with H 2 (T, R) = 0. There exists 
a nonzero function f : V — > R as above such that if f(z) 7^ 0, then \\ z n || semiS > 
const • n. 

Remarks. 1. Observe that if f(z) ^ 0, then for any y <E G and k, big enough, 

f(z K y) 7^ 0, so there are "many" z for which the Theorem 6.1 applies. 

2. If r is cocompact or if |TV"7| — > oo in T then the conclusion of the Theorem 

follows from 16.4.3. 

The proof of theorem 4.5 will be completed in 5.2. 

16.5. Ergodic cocycle and measurable transfer. Let G be a locally compact 
group, H a closed subgroup and X = G/H. Suppose G has an invariant finite 
Borel measure //onX. Suppose we have a measurable section 6 : X — > G. For any 
g <E G and xGl we define A(g, x) G if as unique element such that 

«M = gs(x)\(g,x) 

This defines a map of groups 

G^H X 

Now, G acts on H x by changing the argument. The map A is well-known to be 
a cocycle for first non-abelian cohomology. Suppose f(h±, . . . , h n ) is a measurable 
n-cocycle on ii/". Then the composition / o A : G^ n ^ — > R is a measurable cocycle 
valued in the G-module of measurable functions on X . If / is bounded, so is / o A. 
In this case, J x f • A is a real bounded n-cocycle on G and we have a well-defined 
map 

H£(H,R) H£(G,R) 

Moreover, the composition H£(G, R) ^ H£(H,R) H£(G,R) is a multiplica- 
tion by Vol X. 

The proof of all this facts is easily adopted from [Grl]. 

16.5.2. As an immediate corollary, we state: 

Theorem (16.5.2). Let V be a lattice in either 1) SO{n, 1) or 2) SU{n, 1) or 3) 
SU m (n, 1). Then in case 1) Hg(T) ^ 0; in case 2) H^ K (T,R) ^0foralll<K< n; 
in case 3) H$ K (T, R) for all 1 < k < n. 

Proof. Let us prove 2), since the rest is similar. SU(n, 1) acts isometrically on the 
complex ball B n . The Kahler form uj defined, as in 4.1, a class to in H% cont (SU(n, 1),K). 
It is nontrivial since for any cocompact V the restriction on H 2 (F) gives the Kahler 
class of B/F. Now for any T, the restriction on H^(F, R) must be nontrivial, other- 
wise Vo\(SU(n, l)/r)-w = even as a class in H 2 (SU 5 (n, 1),R). 

Proof of the theorem 16.4-5. We need only to handle the case H2(T, R) = 0. Then 
the restriction of the just defined class in H 2 (T, R) on H 2 {T, R) is zero, so by 18.4.2 
we have a function / with desired properties. 

Appendix 17. Homology of ramified coverings 
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This appendix pursues a goal to develop further the three-manifold 
class field theory, started in [Rel]. In that paper we proved structure 
theorem for homology of a p-fold unramified covering N of a 3-manifold 
M. In particular, we showed that Hi(N)( p ) as a C p -module is either 
a direct sum of closed modules, or a direct sum of exactly one open 
module and several closed modules. The terminology refers to Nazarova- 
Royter classification of finite modules over C p , described in [Rel], 11.1. 
Moreover, Hi(N)r p \ is a sum of closed modules if and only if the covering 
is anisotropic [Rel], 11.4. 

In the present paper we give a structure theorem for homology of 
a ramified covering. According to the ideology of arithmetic topology 
[KR] this corresponds to classical problems in number theory which have 
been studied since Gauss. The main result of the first part of this paper 
is the following: 

Theorem A7. Let N — > M be a covering of rational homology spheres ramified 
along a link with s components. Then as a C p -module, H\(N)^ is a direct sum of 
exactly (s — 1) open modules and some number of closed modules. 

If M is a p- homology sphere, then we show that Hi(M)^ = X)i=i ~ 
Qj n \ where O — Z[£]/(l + £ + ...+ C p_1 ) is the ring of cyclotomic integers. The 
determination of numbers Hi is parallel to a classical problem in number theory 
[Red]. As a first step, we prove the following 

Theorem A8. Let p = 2 and s = 2, so that the link is K\ U K 2 

(a) if the linking number link(Ki, K 2 ) is odd, then Hi(M)( 2 ) = Z/2Z. 

(b) if the linking number link(Ki, K 2 ) is even, then either b\(N) > or Hi(N) ( 2 ) = 
Z/2^Z with £>2. 

We remark that some work in the direction of determination of rii is being done 
by Kapranov [K] by entirely different methods. 

Our methods in the paper develop those of [Rel]: spectral sequences for equi- 
variant cohomology, transfer, reciprocity lemma, etc. Starting from secton 4 we 
make an intensive use of embedded nonoriented surfaces. Any 3-manifold with rich 
fundamental group (condition (R) of [Rel], 9.1) has a finite covering with embedded 
nonoriented surface, so this is a "generic" case. 

17.1. Two spectral sequences of equivariant cohomology 

17.1.1. Consider a space X with an action of a cyclic group C p . Let E — > B be 
a classifying fibration for C p . Recall that the equivariant cohomology H*(X) is 
defined by H*(X) = H*(X x E/C p , Z). Since XxE/C p is a fibration over B with 
fiber X, one arrives [B] to the first spectral sequence, converging to H*(X) with 
E 2 term H l (C p , H j (X)). On the other hand, let Y = X/C p . There is a sheaf Ti on 
Y with a stalk {T^y = H l (G y , Z). Here G y is a stabilizer of any point x E X over 
y. The second spectral sequence, converging to H*(X) has i? 2 -term H l (X, Tj), see 
[Q]. Observe that JF is the constant sheaf Z. Let F C X be the fixed point set 
for the C p -action; we may think of F as a subspace of Y. Then T^i > 1 all have 
support in F and Fi\F is the constant sheaf Z/pZ for i even and zero for i odd. 

17.1.2. Now let X be a closed oriented three-manifold. If p = 2 we assume that 
the action of C p is orientation-preserving. Then the fixed point set F consists of 
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finite number k of circles. It follows immediately that the second spectral sequence 
will have the E 2 -term 





z; Z« 

(II) o o 

z; z; 



Z K X (J,Z) H 2 (Y,Z) Z 

where we silently used the fact that Y = X/C p is a closed manifold. The first 
spectral sequence will have the following E 2 -term: 

Z Z p z p 

H\C P ,H 2 (X)) 

(I) 

H\C P ,H\X)) 

Z Zp Zp 

^From now on we assume that X is a rational homology sphere, that is, Hi(X, Z) 
is finite. Then it follows from I that diniF p H 2 (X) = 1 + diniF p H°(C P , W). Here 
W = Hi(X, Z)( p ) and for a finite abelian p-group A, dim^ p A = log p \A\. Moreover, 

H 2 (X, Z) (p) taWtaW, see [Rel], 5.1. 

Now, one deduces from II that dim H 2 (X) = k + dim Hi (Y ) ( p ) . As a result, the 
following proposition follows. 

Proposition (17.1.2). dim# (C p , W) = dim H x (Y ) (p) + k - 1. 

17.2. The transfer map for ramified coverings and structure theorems 
^From now on we relabel X by N and Y by M, so N — ^ M is a normal 

covering, ramified over a link with k components. Let 1 < i < k be 

these components, Ki C M. We wish to define a map 



t : £Ti(M,Z) -> fl"i(iV, Z) 

is the following fashion. For L a link disjoint from Uifi consider 7r _1 (L) C 
M. If Li, L2 are two homologous links in M, there is a surface F C M with 
OF = L\ — L2. We may assume that F is transversal to UKi. Moreover, 
we can choose a tubular neighbourhood U of UKi with coordinates (r, z) 
such that 7r|/T — 1 (?y) takes the form (r, to) 1— > (r, w p ). Here to runs in a small 
disc in C. We can further arrange that F DU is a union of z-discs, so that 
7r -1 (F) is a smooth surface and n : 7r _1 (F) — > F is a ramified covering. It 
is clear now that 7r~ 1 (L 1 ) is homologous to 7r _1 (L 2 ), so t is well-defined. 
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Proposition (19.2.1). nt = p ■ id,tn = 1 + ( + ... + C p "\ where ( : Ht(N) -> 
Hi(N) is a generator of the C p -action. 

The proof is obvious. 

If M, N are rational homology spheres, then we have the linking form in Hi (see 
[Rel], 5.1). The following important statement is parallel to [Rel], 5.2. 

17.2.2 Proposition (Reciprocity), t = n* . In words, for z G Hi(M) and 
veH^N), 

(ttv,z) m = (v,tz) N 

Proof. Let iV be such that N ■ [z] = in H\(M). Let 7, 5 be knots representing z, v. 
Let F be a 2-cycle in M with boundary N -7. Acting as above, we can achieve that 
7 is disjoint from the ramification locus and tt~ 1 (F) is a two-cycle with boundary 
iV(7r" 1 (7)). Then the proof goes as in [Rel]. 

17.2.3 Theorem (Injectivity of transfer). Suppose k^O, that is, n is indeed 
ramified. Then t : Hi(M)( p ) — > Hi(N)^ is infective. 

Observe that this is never the case if it is unramified ([Rel]). 

Proof. It is enough to show that if z G H\[M)^ has period p, then tz 7^ 0. 
Consider the cohomology class A = (-,z) : H 1 (M) — > ¥ p . It defines an unramified 
covering Q — > M. If A vanished on the image of H 1 (N) in H 1 (M), we would have 
a lift 

N ► Q 

/ 

M 

which is clearly impossible. So (irv, z) 7^ for some v, hence (tz, v ) 7^ by 2.2. 

17.2.4 Corollary, n : H 1 (N)^ — > H 1 (M)^ is surjective. 
We now arrive to the following very important result. 

19.2.5 Theorem. Suppose k^O. XTien /or a// z > 1, 

dim Fp H l (C p ,W) = k-1 
Recall that if k = then dim H l (C p , W) is either or 1 by [Rel], 2.1. 

Proof. Since dimi7 1 (C p ,W) = dimi7 2 (C p ,W) [ ], it is enough to show this for 
k = 2. By 1.2, dim#°(Cp, W) = dimifi(M) (p) + k - 1. Moreover, Im(l + C + 
. . . + (P- 1 ) = imf by 2.1 and 2.4. On the other hand, Imt « #i(M) (p) by 2.3, 
so dimlm(l + £+...+ C p_1 ) = dim #! (M) (p) . It follows that dim# 2 (C p , W) = 
dim#°(C p , W)/Im(l + C + • • • + C p_1 ) = k - 1. Q.E.D. 

17.2.6 Corollary. Suppose we have two isotopic actions of C p on a rational homol- 
ogy sphere N with fixed point sets consisting of k and i circles respectively. If 
k > 2, then k = £. 

For the following corollary the reader needs to know the Nazarova-Royter theory 
explained in [Rel]. 
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A. 7 Theorem (Structure theorem). Suppose k ^ 0. Then as a C p -module, 
W = Hi(M)(p) is a direct sum exactly (k — 1) open modules and some number of 
closed modules. 

Corollary (19.2.8). Suppose M is a p-homology sphere. Then W = O / (1 — 

Q £i . Here O is the ring of integers in the cyclotomic field. 

Proof. Since H 1 (M) {p) = we deduce that 1 + £ + ••• + C p_1 = t ■ n = 0, so W is 
an O -module, hence a sum of Oj (1 — () £i . There should be (k — 1) -summands by 
A.7. 

For p = 2 we specialize 19.2.8 to: 

Corollary (17.2.9). Suppose p = 2 and M is a 2-homology sphere. Then W = 
©^T] 1 Z/2 li Z and C 2 acts by multiplication by (—1). 

17.3. Ramification over 2-component links, I 

17.3.1. We start with a following general observation. 

Proposition (17.3.1). Suppose N — > M is as above. Then: 

(a) T,[Ki] E p ■ Hi(M, Z) 

(b) if T,[Ki] E np ■ H^M, Z) then in Hi(N, Z), S^] £ n ■ Hi(N, Z) 

Proof, (a) The m-ramified covering — > M ramified over exists if and only 
if E[K»] G m • ifi(M; Z) (see [H]). This induces (a). If E[K,} £ np ■ H^M, Z), then 
there is a np -ramified covering, of M, ramified over UKi, therefore there exists a 
n-ramified covering over iV, so E[Xi[e n ■ Hi(N,Z). Q.E.D. 

Corollary (17.3.2). If E[K t ] = in H^M, Z), then the same holds in H 1 (N, Z). 

17.3.2. Now let M be a 2-homology sphere, and K\ U K2 be a two-component link 
in M. Let N — ■> M be a 2-fold ramified covering, ramified over U i^2- We know 
by 2.8, that either &i(iV) > 0, or H 1 (N) {2) = Z/2 £ Z. 

Example (17.3.2.1). Let M = S s and Ki,K 2 be two linked great circles. Then 
N w MP 3 , in particular H^N)^) = %2- 

Example (17.3.2.2). Let M = S" 3 and Ki,K 2 be two separated knots (two knots 
lying in disjoint balls). Then bi(N) = 1. 

These examples are the motivation for the following structure theorem. 

Theorem (17.3.2). Let d be a linking number mod2 of (Ki, K 2 ). Then 

(a) ifd=l then b^N) = and Hi(N)( 2 ) = Z 2 . 

(b) if d = then either b 1 (N) > or b 1 (N) = and H x (N) (2) =Z/2%£>2. 

The proof of this theorem will be completed in section 5. 

Corollary (17.3.3). Let N be a three-manifold such that h(N) = and H^N)^ = 
Z 2 . Let £ be an involution of A. Then either £ is free, or M = N/£ is a 2-homology 
sphere, Fix(C) = KiU K 2 and the linking number of (K\, K 2 ) in M is odd. 

Proof. Suppose Q is not free. Since H 1 (C 2l Hi(N)^ 2 )) = Z 2 , we know by 2.7 that 
Fix(C) consists of two components, say K\ and K 2 . By 1.2, dimHi(M)^ = so 
M is a 2-homology sphere. Finally, the linking number of (K\, K 2 ) may not be 
even by 3.2. 
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17.4. Proof of the Theorem 17.3.2 

Let Fi be a (possibly nonorientable) surface with boundary Ki. We 
can always arrange that F\ interesect a tubular neighbourhood of K 2 
by z-discs, and the same for F 2 . Then iv~ 1 (Fi) is a smooth surface with- 
out boundary. Moreover n : n~ 1 (F 1 ) — K 1 — > Fi — K\ is a double covering 
ramified over F x n K 2 . It follows that x(7r _1 (Fi)) = link (KTi, KT 2 ) (mod 2). 
Assume link (Ki, K 2 ) = l(mod2), then x( 7l ~ 1 (Fi)) = l(mod2) in particular, 
7r _1 (Fj) is nonorientable. Moreover, [Ki]n[7r _1 (F2)] = 1. We know from 2.8 
that C = -1 on H X {N,Z). Suppose b t (N) > 0. Then H°(C 2 , H X (N, Z)) = 0, 
so that the differential d 2 : H°(C 2 , H 1 (N, Z)) — > Z 2 in the spectral se- 
quence I of 1.2 is zero. Therefore dim H%(N) = 1 + dim#°(C 2 , H 2 (N)) + 
dim H 1 (C 2 , H 1 ^)). ^From the spectral sequence II we find dim H^(N) = 2. 
So dim#°(C 2 , H 2 (N)) + dimtf 1 ^, H^N)) = 1. However, if H^N) = Z m © 
Z/2 €l Z © ... © Z/2 £ »Z © VZ/p?Z,pi odd, then dim H° (C 2 , H 2 (N)) = s and 
dimtf^Cs, tf^AO) = m. Hence m + s = 1, so either ffi(iV) = Z © EZ/p[ l Z, 
or ffi(iV) = Z/2^Z©EZ/p[ l Z. In the first case the natural map H 1 ^, Z) -> 
H 1 (N, F 2 ) is surjective, therefore the multiplication in H 1 (N, F 2 ) is zero. 
However, since x^ -1 ^)) is odd, tt" 1 ^) n Tr" 1 ^) n tt -1 ^) ^ 0. So the 
first case is impossibe, and b^N) = and #i(iV)(2) = Z/2*Z. By [Rel], 
1.6.1, £ = 1, which proves (a). 

Now let link(Ki,if 2 ) = 0(mod2) and 6i(Af) = 0. Then #i(iV)(2) = Z/Z £ Z 
by 2.8 and we need to show that £ ^ 1. Suppose the opposite, that 
is, fZi(iV)(2) = Z/2Z. If 7r _1 (Fi) were nonorientable, it would represent a 
generator in H 2 (N,¥ 2 ) by 4.1. Since x(7r _1 (Fi)) is even, we would have 
A 3 = for the dual class. However, A 2 = /3(A) ^ 0, hence A 3 7^ 0, in 
contradiction. So 7r~ 1 (F 1 ) is orientable and separates N. 

By assumption, Ki is homologically zero. That means we can choose 
F\ to be orientable. Now we claim that K\ as a curve in 7r _1 (Fi), separates 
7r _1 (Fi). Indeed, the involution £ : N — > A 7 " restricted on 7r _1 (Fi) obviously 
reserves the orientation of tv~ 1 (Fi). The same holds for tv~ 1 (Fi) —K\. On 
the other hand, £ preserves the orientation of 7r _1 (Fi) — .Ki, induced from 
F\—K\. So 7r _1 (Fi)— KTi is disconnected, and £ permutes the components. 
It follows that KT 2 fl Fi = 0. But then K 2 should lie in one of the compo- 
nents of N — 7r _1 (Fi), which are permuted by £, which is impossible. So 
£^l. 

17.5. The butterfly diagram for Hilden-Montesinos knots 

In this section we will describe a very interesting class of examples, 
illustrating the situation in Theorem 3.2 (b). Let M be a rational ho- 
mology sphere with Hi(M) {2) = Z/2Z. By [H], [M] there is a knot K C S s 
such that M is an irregular 3-covering of S 3 ramified over K. It follows 
that there is a double ramified covering F of S 3 ramified over K, and a 
double ramified covering N over M, ramified over K, such that N is a 
Galois unramified C3 -covering of F: 

Notice that F is a 2-homology sphere [BZ]. Assume bi(N) = 0. Then 

H l (C 2 ,H 2 (N) {2) ) = 0, (i > 1) by 2.5. Moreover, H°(C 2 ,H 2 (N)) = Z 2 by 1.2. 
It follows from [Rel], 11, that either H^N)^ = Z/2Z©Z/2Z, or #i(iV)( 2 ) = 
Z/2 e Z, £>3 and C 2 acts by multiplication by ±1 + 2 l ~ l . However, C 3 acts 
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on ifi(jV)(2) fixed point free, therefore Hi(N)q) = Z/2Z © Z/2Z and the 
linking form is hyperbolic [Rel], 12.5. It follows from [Rel], 12.5, that 
either N has a quaternionic covering with positive 6 ls or N = R/Qs where 
R is a 2-homology sphere. So either F has a Galois covering of order 
< 24 with positive bi, or we have the following diagram: 



Now, let Q — > M be a unique unramified C2 -covering. Then we can 
realize S as a pullback: 



in particular, h(Q) = so H X {Q\ 2 ) = by [Rel], 7.2. Since #i(S) (2 ) = Z/2Z 
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it follows that S — > Q is ramified over a 2-component link K\ U by 2.8. 
Moreover, link (Ki, K 2 ) is even by Theorem 3.2. 

Let £, 7? be two commuting involutions of 5, corresponding to coverings 
S — > A 7 " and S 1 — > Q, so that £ is free and 77 is not. By [Rel], 12.5, the 
action of £ on Hi(S)( 2 ) = is multiplication by (—1). By 2.8, 77 acts 

also by multiplication by (—1). The free involution £77 will act identically 
so by [Rel], 11, the manifold P = S/(r) has homology H 1 (P) {2) = Z/8Z. 
Summing up, we have a diagram 
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or else F is virtually Haken. 
17.6. An ierarchy of 2-homology spheres 

In this chapter we will define, for a link (Ki, K 2 ) in a 2-homology 
sphere Mo, a very interesting sequence of three-manifolds, associated to 
the link. The definition is based on the theory of developed in chapter 
3-6. 

So let {K\,K 2 ) be a link in M satisfying the following assumptions: 

(i) Ki is homologically trivial 

(ii) the (usual) linking number link {K\, K 2 ) is odd. 

Theorem (17.6.1). Let N be a covering of M ramified over KiVJK 2 . Let Mi be 
the unique double unramified covering of N and let k[^ and K% be preimages of 
K x , K 2 in M 2 . Then either h (Mi) > or 

(a) M 2 is a 2-homology sphere 

(b) are connected 

(c) -£Q are homologically trivial 

(d) link{K l i ) ,K { 2 ) ) = link{K l ,K 2 ) 

Proof. Suppose 61 (Mi) = 0, then Mi is a 2-homology sphere by 3.2 and [Rel], 7. 
Let Fi be an oriented Seifert surface of Ki, intersecting the other component by 
z-discs. If 7r : N — > M is the covering, we call Qi = 7r _1 (Fj). We know that [Q] is 
the generator in H 2 (N, F 2 ) and [Qi] fl [K 2 ] = 1. It follows that are connected. 
Let 5 : Mi — > N be the covering and let Si = S~ 1 (Qi). By 4.1, if A is the dual 
class to [Qi] in H 1 (N, F 2 ), then \\Qi = w\(Qi), so that Si are oriented. Let ( be 
the Galois involution of N, then Fix(£, Qi) = Ki. Now, £ lifts to an involution 
of Si such that Fix(£, Si) = . Moreover, if n is the free Galois involution of 
Mi, then ( and 77 commute. So we have a C 2 x C 2 action on Si, which is free on 
Si — Ki. Since Si — Ki/C 2 x C 2 xs Fi — Ki, this action preserves an orientation 
of Si — Ki. On the other hand, r\ reverses the orientation of Si. It follows that 
Si — Ki is disconnected, so Ki bounds an oriented surface, which proves (c). Now 
(d) follows from above by direct computation. 
In this way we define an ierarchy 

. . . -> Ni -> Mi -> A^ -> M 
where Mj are 2-homology spheres with a link (Ki , ^2 )> an d Hi(Ni)^) = Z/2Z. 
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